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The well-known problem of wormholes in general relativity (GR) is the necessity of
exotic matter, violating the Weak Energy Condition (WEC), for their support. This
problem looks easier if, instead of island-like configurations, one considers string-like ones,
among them, cylindrically symmetric space-times with rotation. However, for cylindrical
wormhole solutions a problem is the lacking asymptotic flatness, making it impossible
to observe their entrances as local objects in our Universe. It was suggested to solve this
problem by joining a wormhole solution to flat asymptotic regions at some surfaces Σ−
and Σ+ on differents sides of the throat. The configuration then consists of three regions,
the internal one containing a throat and two flat external ones. We discuss different kinds
of source matter suitable for describing the internal regions of such models (scalar fields,
isotropic and anisotropic fluids) and present two examples where the internal matter
itself and the surface matter on both junction surfaces Σ± respect the WEC. In one
of these models the internal source is a stiff perfect fluid whose pressure is equal to its
energy density, in the other it is a special kind of anisotropic fluid. Both models are free
from closed timelike curves. We thus obtain examples of regular twice asymptotically
flat wormhole models in GR without exotic matter and without causality violations.
Keywords: General relativity, cylindrical symmetry, rotation, wormholes, exact solutions,
energy conditions, asymptotic flatness
PACS numbers: 04.20.-q, 04.20.Jb, 04.40.Nr, 04.20.Gz
1
March 26, 2019 0:58 WSPC/INSTRUCTION FILE ˙rot˙cy˙wh-5a
2 K.A. Bronnikov, S.V. Bolokhov and M.V. Skvortsova
1. Introduction
The possible existence of traversable Lorentzian wormholes in the Universe is one
of the most intriguing predictions of modern physical theories which identify the
gravitational field with the properties of space-time geometry. Such objects, being a
kind of tunnels in space-time, can make close to each other otherwise distant regions
of space as well as different epochs of the Universe evolution, thus acting as time
machines.1, 2 Some researchers consider possible observable effects of wormholes if
they really exist in space,3–6 see also references therein.
Gravitation is in general an attractive force and tends to focus particle trajecto-
ries, whereas in a wormhole geometry some of the paths first approximate but then
move away from each other. Such a behavior is a qualitative reason for the necessity
of unusual forms of matter, producing repulsion instead of attraction, to support
the wormhole geometry. In the framework of general relativity (GR), the necessity
of matter violating the weak and null energy conditions (WEC and NEC), called
“exotic”, or phantom matter, at least in a neighborhood of a wormhole throat (its
narrowest place) has been formally established in a number of theorems,1, 2, 7–9 at
least in cases where the throat is a compact 2D surface of finite area.7
In theories generalizing GR, a number of examples of wormhole solutions without
phantom matter are known, e.g., in the Einstein-Cartan theory,10, 11 in Einstein-
Gauss-Bonnet theory,12 in multidimensional gravity including brane-world mod-
els,13, 14 etc. In all such cases phantom matter that would be necessary in GR is
replaced by geometric or field contributions absent in GR. However, if our interest is
in scales, let us say, from meters to kiloparsecs (which can be called macroscopic), it
makes sense to adhere to GR since it is this theory that is most reliably confirmed
on such scales while its extensions should probably work at very large densities
and/or curvatures. It is therefore of great interest to know whether or not worm-
hole models can be obtained in GR without phantom matter. And in addition, to
be observed from distant weakly curved regions of space, such solutions should be
asymptotically flat.
Are there known phantom-free wormhole solutions in GR? The answer is yes:
there are axially symmetric vacuum solutions such as the Kerr metric with large
angular momenta and Zipoy’s static solution15 as well as their generalizations with
electromagnetic and scalar fields.16, 17 Being asymptotically flat, they, however, con-
tain a ring singularity around a disk that plays the role of a throat, and it appears
to be a shortcoming hardly better than the presence of phantom matter. Refs. 18,
19 describe regular wormholes with a source in the form of a nonlinear sigma model,
but they are asymptotically NUT-AdS instead of flatness. The wormhole model de-
scribed in Ref. 20 does not contain phantoms but possesses closed timelike curves
and singularities.
The above unpleasant features may be interpreted as manifestations of the so-
called topological censorship theorems that forbid unusual topologies assuming that
the WEC is observed and that the space-time is asymptotically flat.8, 21 One of the
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ways to avoid this censorship is to consider configurations like cosmic strings, in-
finitely stretched in some direction, and the simplest one among them are those with
cylindrical symmetry. In the longitudinal (z ) direction there is no flat infinity, un-
less the space-time is completely flat. Static and stationary cylindrically symmetric
wormhole solutions were discussed, among many other papers, in Refs. 22–26 (see
also references therein). Quite a number of examples of phantom-free cylindrical
wormhole solutions in GR have been found.
However, an undesirable feature of almost all cylindrically symmetric solutions
is their nonflat asymptotic behavior. Even the Levi-Civita static vacuum solution is
only asymptotically flat if it is flat, to say nothing on more complex solutions with
matter. To solve this problem and to build asymptotically flat wormhole models,
it was suggested23 to construct the model space-time from three regions: a central
region containing a throat and two Minkowski regions (taken in proper coordinates)
attached to this central wormhole solution through some surfaces (cylinders) Σ−
and Σ+ . Such surfaces inevitably possess some densities and pressures, and their
stress-energy tensors (SETs) are determined by jumps of the extrinsic curvature
across them. Exotic matter should then be absent both in the internal region and
on the surfaces Σ− and Σ+ . A search for such models began in Refs. 23–26 and is
continued here. We will recall some old results and try to construct new models.
The paper is organized as follows. Section 2 presents a general description of
stationary cylindrically symmetric space-times, including the notion of cylindrical
wormholes, junction conditions on possible discontinuities of the extrinsic curvature,
and the WEC and NEC applied to the corresponding surface SETs. In Section 3
we describe some particular wormhole solutions, try to match them to Minkowski
regions on both sides of the throat, and test the fulfillment of the energy conditions.
Section 4 is a conclusion.
2. Stationary cylindrical space-times
2.1. Basic relations
Consider the general stationary cylindrically symmetric metric
ds2 = e2γ(x)[dt− E(x) e−2γ(x) dϕ]2 − e2α(x)dx2 − e2µ(x)dz2 − e2β(x)dϕ2, (1)
where x , z ∈ R and ϕ ∈ [0, 2pi) are the radial, longitudinal and angular coordi-
nates, respectively. The radial coordinate x admits reparametrization x → f(x),
therefore its range depends on its choice (also called the “gauge”) and the geometry
itself. The only off-diagonal component E describes rotation that induces a vortex
gravitational field characterized by the angular velocity ω(x) of a congruence of
timelike world lines,23, 28, 29
ω = 12 (E e
−2γ)′ eγ−β−α, (2)
for an arbitrary choice of the coordinate x (the prime denotes d/dx). Furthermore,
if the reference frame is comoving to matter as it moves in the ϕ direction, we the
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SET component T 30 , is zero, hence (due to the Einstein equations) the Ricci tensor
component R30 ∼ (ω e2γ+µ)′ = 0, which results in
ω = ω0 e
−µ−2γ , ω0 = const. (3)
Then, according to (2),
E(x) = 2ω0 e
2γ(x)
∫
eα+β−µ−3γdx, (4)
and the Ricci tensor (Rνµ) has the nonzero components
R00 = − e−2α[γ′′ + γ′(σ′ − α′)]− 2ω2,
R11 = − e−2α[σ′′ + σ′2 − 2U − α′σ′] + 2ω2,
R22 = − e−2α[µ′′ + µ′(σ′ − α′)],
R33 = − e−2α[β′′ + β′(σ′ − α′)] + 2ω2,
R03 = G
0
3 = E e
−2γ(R33 −R00), (5)
with the following notations:
σ = β + γ + µ, U = β′γ′ + β′µ′ + γ′µ′. (6)
The Einstein equations may be written in two equivalent forms
Gνµ ≡ Rνµ −
1
2
δνµR = −κT νµ , or (7)
Rνµ = −κT˜ νµ ≡ T νµ −
1
2
δνµT. (8)
κ = 8piG being the gravitational constant, R the Ricci scalar, and T the trace of
the SET. In what follows we mostly work with (8), but it is also necessary to use
the constraint equation from (7), which is the first integral of the other Einstein
equations, containing only first-order derivatives of the metric functions:
G11 = e
−2αU + ω2 = −κT 11 . (9)
As is clear from (5), the diagonal components of both Ricci (Rνµ ) and Einstein
(Gνµ ) tensors split into a sum of those for the static metric (i.e., (1) with E = 0)
and a contribution from ω :23
Rνµ = sR
ν
µ + ωR
ν
µ, ωR
ν
µ = ω
2 diag(−2, 2, 0, 2), (10)
Gνµ = sG
ν
µ + ωG
ν
µ, ωG
ν
µ = ω
2 diag(−3, 1,−1, 1), (11)
where sR
ν
µ and sG
ν
µ are the static parts. Each of the tensors sG
ν
µ and ωG
ν
µ satisfies
the conservation law ∇αGαµ = 0 written in terms of the static metric. It means that
ωG
ν
µ/κ effectively acts as one more SET having exotic properties (for instance, the
effective energy density is −3ω2/κ < 0), which is favorable for the existence of
wormhole solutions, as has been confirmed by a few examples in Refs. 23, 24, 29.
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Notably, when solving the Einstein equations, it is sufficient to consider their
diagonal components; and the only nontrivial off-diagonal component
(
0
3
)
then holds
automatically.23
2.2. Wormhole space-times
The metric (1) is said to describe a wormhole if either (i) the circular radius r(x) =
eβ(x) has a regular minimum (the corresponding surface x = const is called an
r -throat) and is large or infinite far from this minimum or (ii) the same is true for
the area function a(x) = eµ+β (its minimum determines an a-throat).22, 23 It is
clear that if a wormhole is asymptotically flat on both extremes of the x range, it
contains both r - and a-throats. On the other hand, it has been shown22, 23 that in
the static case (E = 0) such a twice asymptotically flat wormhole should necessarily
contain a region where the density of matter is negative. In the general stationary
case (E 6= 0) it is not necessary, and in what follows we will assume E 6= 0.
Let us, for certainty, use the wormhole definition connected with the circular
radius r(x), which looks more evident: moving to smaller r , one approaches a would-
be axis of symmetry r = 0, but, instead of reaching the axis, meets a minimum of
r and its subsequent growth.
Asymptotic flatness requires finite limiting values of γ(x) and µ(x) combined
with ω = 0, which cannot be achieved according to (3).
To obtain asymptotically flat models, the following method was suggested:23
assuming that we have obtained a cylindrical wormhole solution with a non-phantom
matter source T νµ , cut it on some regular cylinders Σ+ (x = x+) and Σ− (x = x−)
on both sides of the throat and join it there to flat-space regions extending to
infinity. Due to discontinuities of the extrinsic curvature on such junction surfaces,
they comprise thin shells with certain surface SETs, and it remains to check whether
these SETs satisfy the WEC and NEC.
2.3. Junction surfaces and energy conditions
Consider a surface Σ (x = xs ) separating two regions D− (x ≤ xs ) and D+
(x ≥ xs ) with two different metrics of the form (1). Since the metric on Σ must
be the same, be it calculated from D− or D+ , we have the following matching
conditions:
[β] = 0, [µ] = 0, [γ] = 0, [E] = 0, (12)
with the usual notation for discontinuities: for any f(x), [f ] = f(xs+0)−f(xs−0).
The conditions (12) allow us to identify the coordinates t, z, φ in the whole space.
Meanwhile, the choice of radial coordinates in D+ and D− may be different, but it is
unimportant since the quantities involved in all matching conditions are insensitive
to this choice.
The next step is to determine the material content of the surface Σ using the
Darmois-Israel formalism:31, 32 in our case of a timelike surface, the SET Sba is
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expressed in terms of the extrinsic curvature Kba as
Sba = (8piG)
−1[K˜ba], K˜
b
a := K
b
a − δbaKcc , (13)
where a, b, c = 0, 2, 3. The question is whether the surface SET on Σ satisfies the
WEC whose requirements are
S00/g00 = σs ≥ 0, Sabξaξb ≥ 0, (14)
where σs is the surface energy density and ξ
a an arbitrary null vector on Σ. The
second inequality makes the content of the NEC as a part of the WEC, and taken
together, they provide σs ≥ 0 in any reference frame on Σ.
It is straightforward to find the following nonzero components of Kab =
1
2 e
−αg′ab
on a surface x = xs :
K00 = e
−α+2γγ′,
K03 = − 12 e−αE′,
K22 = − e−α+2µµ′,
K33 = − e−α+2ββ′ + e−α−2γ(EE′ − E2γ′). (15)
Since K = gabKab = e
−α(β′+γ′+µ′), it is easy to obtain the components of K˜ab =
Kab − gabK , to be further used instead of Sab = [K˜ab]/κ for WEC verification:
K˜00 = − e−α+2γ(β′ + µ′),
K˜03 = − 12 e−αE′ + E e−α(β′ + γ′ + µ′),
K˜22 = e
−α+2µ(β′ + γ′),
K˜33 = e
−α+2β(γ′ + µ′) + e−α−2γ [EE′ − E2(β′ + 2γ′ + µ′)].. (16)
From (16) we obtain the condition σs ≥ 0 in the form
[ e−α(β′ + µ′)] ≤ 0. (17)
Meanwhile, the NEC validity must be proved for any null vector ξa on Σ. To cover
all null directions on Σ± , we should take a family of vectors ξ
a depending on one
parameter, say, h , and to try to choose such parameters in our metrics that the
conditions (14) will hold for any h from the appropriate range. This proves to lead
to rather bulky calculations.
However, the NEC fulfillment may be verified in another way: if in the comov-
ing reference frame the density σs and the pressures pi in mutually orthogonal
directions satisfy the inequalities
σs ≥ 0, σs + pi ≥ 0, (18)
then the WEC holds. A difficulty is that Σ is in general not described in a comoving
frame.
It is still not necessary to find an explicit transformation to the comoving frame
for matter residing on Σ, which can be an uneasy task. Instead, it is sufficient to
find the values of σs and the pressures pz , pϕ in such a frame as eigenvalues of the
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surface SET and then check whether or not (14) holds. These eigenvalues should
be calculated in a local Minkowski (tangent) space, to avoid distortions from the
nontrivial metric.
Let us find the tangent-space (triad) components of K˜ab using the following
orthonormal triad on Σ:
ea(0) = ( e
−γ , 0, 0); ea(2) = (0, e
−µ, 0); ea(3) = (E e
−β−2γ , 0, e−β) (19)
(the parentheses mark triad indices). The triad components K˜(mn) = e
a
(m)e
b
(n)K˜ab
turn out to be surprisingly simple and may be represented by the matrix
(K˜(mn)) =

− e−α(β′ + µ′) 0 −ω0 e−α(β′ + γ′) 0
−ω 0 e−α(γ′ + µ′)

 . (20)
The shell matter SET consists of discontinuities of these matrix elements divided
by κ . The matrix of these discontinuities has the same structure as (20):
([K˜(mn)]) =

 a 0 d0 b 0
d 0 c

 , (21)
and its eigenvalues are easily found as roots of its characteristic equation:(1
2
(a+ c+
√
(a− c)2 + 4d2), b, 1
2
(a+ c−
√
(a− c)2 + 4d2)
)
, (22)
The SET in question has the form S(mn) = diag(σs, pz, pϕ), but there is a small
problem of which eigenvalues (22) should be identified with particular SET compo-
nents. To fix it, we notice that in the absence of rotation, that is, if d = 0, we have
(σs, pz, pϕ) ∝ (a, b, c). Accordingly, we take
(σs, pz, pϕ) ∝
(1
2
(a+ c+
√
(a− c)2 + 4d2), b, 1
2
(a+ c−
√
(a− c)2 + 4d2)
)
, (23)
under the assumption a− c > 0. (Otherwise we must interchange a and c .) Then
the WEC requirements read
a+ c+
√
(a− c)2 + 4d2 ≥ 0, (24)
a+ c+
√
(a− c)2 + 4d2 + 2b ≥ 0, (25)
a+ c ≥ 0. (26)
One can notice that a coincides with the quantity κσs (17) calculated in the initial
noncomoving frame, hence we must also have a ≥ 0.
2.4. Minkowski regions
We are going to use Minkowski space-time regions M± around “internal” wormhole
regions. The Minkowski metric should be taken in a rotating reference frame to
enable matching with (1) where E 6= 0. It can be obtained from the inertial-frame
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metric ds2M = dt
2−dX2−dz2−X2dϕ2 by substituting ϕ→ ϕ+Ωt , where Ω = const
is the angular velocity:
ds2M = dt
2 − dX2 − dz2 −X2(dϕ+Ωdt)2. (27)
The relevant quantities in the notations of (1) are
eα = 1, e2γ = 1− Ω2X2, e2β = X
2
1− Ω2X2 ,
E = ΩX2, ω =
Ω
1− Ω2X2 .
γ′ = − Ω
X
1− Ω2X2 , µ
′ = 0, β′ =
1
X
+
Ω2X
1− Ω2X2 . (28)
This metric is stationary and can be matched to an internal metric at |X | < 1/|Ω| ,
such that the linear rotational velocity is smaller than c .
A good exercise is to verify that direct matching of two Minkowski regions with
the metric (27) leads to a thin-shell wormhole with negative density of on-shell
matter. We identify the surface X = X0 > 0 that bounds the region M+ : x ≥ X0
with the surface X = −X0 < 0 that bounds the region M− : x ≤ −X0 and obtain
−κσs = [ e−α(β′ + µ′)] = [β′] = 2|X0|(1 − Ω2X20 )
> 0, (29)
that is, σs < 0.
3. Some particular models
3.1. Models with scalar fields
Minimally coupled scalar fields are described by the Lagrangian
Ls = 2εg
µν∂µφ∂νφ− 2V (φ) (30)
where V (φ) is an arbitrary potential, and ε = ±1 distinguishes normal (canonical)
scalar fields (ε = +1) and phantom ones (ε = −1).
In the geometry (1), assuming φ = φ(u), the scalar field SET has the form
T νµ (φ) = ε e
−2αφ′2 diag(1, −1, 1, 1) + δνµV (φ). (31)
There are many exact solutions to the Einstein-scalar field equations with and with-
out a potential, including wormhole ones,23, 24 but it turns out that the construction
with two external Minkowski regions around a wormhole region does not lead to
phantom-free models. The corresponding no-go theorem25 is valid for any SETs
having the property T 00 = T
3
3 , which is true for scalar fields with any V (φ) and ε .
The theorem is proved using the equation R00 = R
3
3 . Choosing the harmonic radial
coordinate in the metric (1), specified by the condition
α = β + γ + µ, (32)
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we obtain the equation R00 = R
3
3 in the Liouville form
β′′ − γ′′ = 4ω20 e2β−2γ , (33)
and its solution can be written as
eη := eγ−β = 2ω0s(k, x),
s(k, x) :=


k−1 sinh kx, k > 0, x ∈ R+;
x, k = 0, x ∈ R+;
k−1 sin kx, k < 0, 0 < x < pi/|k|,
(34)
A further analysis of WEC requirements shows that25 one of them can hold on Σ+
only if k > 0 in the internal solution, while on Σ− it definitely implies k < 0 (or
vice versa). This means that whatever particular solution (with fixed parameters
including k ) is taken to describe the internal region, the WEC requirements cannot
hold simultaneously on Σ+ and Σ− .
3.2. Perfect fluids with p = wρ
Let us now consider another kind of matter for the internal wormhole region, an
isotropic perfect fluid with the equation of state p = wρ , w = const, so that
T νµ = ρ diag(1,−w,−w,−w),
T˜ νµ = T
ν
µ −
1
2
δνµT
σ
σ =
ρ
2
diag(3w + 1, w − 1, w − 1, w − 1), (35)
plus the off-diagonal component T 03 = E e
−2γ(T 33 − T 00 ). The conservation law
∇νT νµ = 0 has the form
p′ + (ρ+ p)γ′ = 0 ⇒ wρ′ + (1 + w)γ′ = 0. (36)
(the same as in the static case). For w 6= 0 it gives
ρ = ρ0 e
−γ(w+1)/w, ρ0 = const, (37)
and, in terms of the harmonic coordinate x (32), the Einstein equations for the
metric (1) can be written as
e−2αγ′′ + 2ω2 =
3w + 1
2
κρ, (38)
e−2αµ′′ =
w − 1
2
κρ, (39)
e−2αβ′′ − 2ω2 = w − 1
2
κρ, (40)
e−2α(β′γ′ + β′µ′ + γ′µ′) + ω2 = wκρ. (41)
Also recall that ω = ω0 e
−µ−2γ .
There are exact solutions with the metric (1) and different perfect fluids,33–36
but their general discussion is out of the scope of this paper. Let us only make some
remarks on the simplest cases.
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First, in the case of dust (w = 0) the solution is rather easily obtained since
the conservation law (36) in this case leads to γ′ = 0, hence γ = 0 without loss of
generality. Next, a sum of (38) and (40) yields β′′ + γ′′ = 0, whence β′′ = 0, and
β is a linear function that cannot have a minimum, so wormhole solutions cannot
be expected. Studies of rotating dust solutions can be found in Refs. 37, 38, 39,
containing further bibliography.
Second, the case w = −1 corresponds to a cosmological constant, for which
solutions are well known and well studied.38, 40–42 For our discussion it is important
that wormhole solutions do exist in this case,23 but since, just as for scalar fields,
here again T 00 = T
3
3 , such solutions do not lead to phantom-free models.
3.3. A model with stiff matter, p = ρ
The special case w = 1 of a perfect fluid corresponds to maximally stiff matter
compatible with causality, in which the velocities of sound and light coincide. This
circumstance makes easier a search for exact solutions, including inhomogeneous and
wave ones;43 one can also mention various applications of stiff matter in theoretical
cosmology, see, e.g., the recent papers Refs. 44, 45 and references therein.
Returning to our perfect fluid equations, at w = 1 from (39) we have
µ′′ = 0 ⇒ µ = mx+ µ0, m, µ0 = const, (42)
and we put µ0 = 0 by rescaling the z axis. Then from Eqs. (38) and (40) we obtain
β′′ = 2ω20 e
2β−2γ , β′′ + γ′′ = 2κρ0 e
2β+2mx. (43)
It is not easy to find a general solution to these equations, but a special solution of
interest is found by assuming m = 0 (enabling symmetry under reflections x→ −x)
and γ ≡ 0. It then follows
β′′ = 2ω20 e
2β, κρ0 = ω
2
0 . (44)
This Liouville equation has three branches of solutions (see (34)), but only in one
of them the function β(x) has a minimum and is of interest in search for wormhole
models. This solution can be written as
eβ =
k√
2ω20 cos(kx)
, k = const > 0, x ∈ (−pi/2, pi/2), (45)
where we suppress another integration constant by choosing the zero point of x . It
remains to find E using the expression (4):
E =
1
ω0
∫
k2dx
cos2(kx)
=
k
ω0
tan(kx), (46)
where the integration constant is chosen so that E(x) is an odd function for con-
venient matching with the exterior metric. Thus the metric is known completely.
It is convenient to pass on to another radial variable, y = k tan(kx), so that
dx =
dy
k2 + y2
, e2β =
k2 + y2
2ω20
, E =
y
ω0
, (47)
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and the metric takes the form
ds2 =
(
dt− y
ω0
dϕ
)2
− dy
2
2ω20(k
2 + y2)
− dz2 − (k2 + y2)dϕ
2
2ω20
. (48)
This solution is regular in the whole range y ∈ R , but at y2 > k2 we have g33 > 0,
hence the coordinate circles parametrized by ϕ are timelike and violate causality.
We are now almost ready to match this metric to (27) at some surface y = y0
identified with some X = X0 in (27) according to the conditions (12). However, to
obtain [γ] = 0 it is necessary to change the time scale in (48), such that
dt =
√
Pdτ, P = const < 1 (49)
Then we can identify the time τ on the surfaces Σ± with t from the external metric
and provide [γ] = 0. For the internal metric (48) we then have, instead of the last
relation in (47), E =
√
Py/ω0 . (One can verify that this new E is the off-diagonal
component −gτφ .)
Consider for certainty the surface Σ+ (y = y0 > 0, X = X0 > 0). The condi-
tions [γ] = 0, [E] = 0 and [β] = 0 give, respectively,
P = 1− Ω2X2, ΩX2 = y
√
P
ω0
,
k2 + y2
2ω20
=
X2
P
. (50)
where we assume ω0 > 0 and, without risk of confusion, omit the index “zero” at
X and y . We notice that there are four independent parameters (P, k, ω0, y ) in the
internal metric (48) after the substitution (49) and two parameters (Ω, X ) in the
external metric (27). These six parameters are connected by three equalities (50).
Let us choose the following three parameters as independent ones: X = X0 , having
the dimension of length, as a length scale, y = y0 , and P . We then obtain:
Ω =
√
1− P
X
, ω0 =
√
Py√
1− PX , k
2 = y2
1 + P
1− P , (51)
and, as a result, the quantities a, b, c, d from (21)–(24) are expressed as
a =
P 3/2y − 1
PX
, b =
1− y√P
X
, c =
P − 1
PX
, d =
√
Py − 1 + P
XP
√
1− P . (52)
The factor 1/X is common and does not affect any inequalities of interest. The
condition a > 0 implies y > P−3/2 . However, since c < 0, the requirement (26)
a+ c ≥ 0 gives a stronger restriction
y ≥ 2− P
P 3/2.
(53)
Then (24) manifestly holds, while (25) requires verification due to b < 0, An in-
spection shows that (25) does hold owing to (53).
Thus under the condition (53) the WEC is fulfilled on Σ+ . What changes on
Σ− specified by X = −X0 < 0 and y = −y0 < 0? In all parameters (52) the factor
1/X becomes negative. But simultaneously changes the sign of all discontinuities:
while on Σ+ we took [f ] = fout− fin for any quantity f , on Σ− we must take the
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opposite. Therefore, the parameters a, b, c have the same form as in (52) but with
X replaced by |X | (recall that we denote, as before, y = y0 > 0). For d = −[ω]
we must take into account that, according to (50), Ω(Σ−) = −Ω(Σ+), while in the
internal solution ω(Σ−) = ω(Σ+), therefore, on Σ−
d 7→ d− = −1− P + |y|
√
P
|X |P√1− P ,
so that |d−| > |d| , which makes it even easier to satisfy the requirement (25). As
a result, all WEC requirements are satisfied under the same condition (53), and we
obtain a completely phantom-free wormhole model.
It is also important that by (51) we have y20 < k
2 , hence y2 < k2 in the whole
internal region, and there are no closed timelike curves.
3.4. A model with an anisotropic fluid
Let us briefly describe one more model, obtained in Ref. 26 with a source in the
form of an anisotropic fluid having the SET
T νµ = ρ diag(1,−1, 1,−1) ⊕ T 03 = −2ρE e−2γ , (54)
chosen by analogy with that of a z -directed magnetic field in static cylindrical
symmetry (which cannot be directly extended to the metric (1) with E 6= 0). From
the conservation law ∇µT µ1 = 0 it followsa
ρ = ρ0 e
−2γ−2µ, ρ0 = const > 0, (55)
The Einstein equations are solved26 using the harmonic radial coordinate (32), and
the solution has the form
r2 ≡ e2β = r
2
0
Q2(x20 − x2)
, e2γ = Q2(x20 − x2),
e2µ = e2mx(x0 − x)1−x/x0(x0 + x)1+x/x0 ,
E =
r0
2x20
[
2x0x+ (x
2
0 − x2) ln
x0 + x
x0 − x
]
,
x0 :=
|ω0|
κρ0r0
, Q2 := κρ0r
2
0 , (56)
The introduced constants x0 and Q are dimensionless. The solution contains in-
tegration constants ω0 , ρ0 , r0 and m , the coordinate x ranges from −x0 to x0 .
The circular radius r → ∞ as x → ±x0 , thus confirming a wormhole nature of
the geometry, but x = ±x0 are curvature singularities, where the Kretschmann
invariant behaves as |x0 − x|−4 .
aA full description of the anisotropic fluid formalism in the metric (1) can be found, e.g., in Ref.
30.
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To construct an asymptotically flat configuration, we assume m = 0, making
the solution symmetric with respect to the throat x = 0. Its matching at some
x = ±xs < x0 to M+ and M− at X = ±Xs leads to the relations
X = r0, Q
2(x20 − x2) = 1− Ω2X2 =: P,
2x20
√
1− P = 2xx0 + (x20 − x2) ln
x0 + x
x0 − x , (57)
where we omit the index s near x without risk of confusion. The condition [µ] = 0
makes us change the z scale in M± so that there −gzz = M2 := e2µ(xs) taken
from the internal metric.
It is convenient to use the ratio y = xs/x0 and to introduce the notation L(y) =
ln[(1 + y)/(1− y)] . Then we have
M =M(y) =
(
1− y)−(1−y)/2(1 + y)−(1+y)/2,
P = P (y) = (1− y2)
[
1− yL(y)− 1
4
(1− y2)L2(y)
]
. (58)
Using the conditions (57) and these notations, we can write the quantities a, b, c, d
used in the WEC requirements (24)–(26) on Σ± as follows:
a = [− e−α(β′ + µ′)] = − 1
P (y)
+
M(y)
x20
(
y
1− y2 +
1
2
L(y)
)
, (59)
b = [ e−α(β′ + γ′)] = 1, (60)
c = [ e−α(γ′ + µ′)] = − 1
P (y)
+ 1 +
M(y)
x20
(
y
1− y2 −
1
2
L(y)
)
, (61)
d = −[ω] = −
√
1− P (y)
P (y)
± M(y)
x20(1− y2)
, (62)
where we have ignored the insignificant factor 1/r0 appearing in each of them.
The expressions for a, b, c, d depend on two parameters, x0 and y , and a, b, c
are the same on Σ+ and Σ− , while it turns out that the value of d does not affect
the validity of the conditions (24)–(26): actually, if a > 0 and a + c > 0, then
(25) holds. All quantities in these conditions are dimensionless, and it can be found
that26
• The condition 0 < P (y) < 1, required by construction, holds for 0 < y < 0.564
(all numerical estimates are approximate);
• The conditions a > 0 and a > c hold in quite a large range of x0 and y , for
example, for x0 = 0.5, y ∈ (0.15, 0.47) and for x0 = 0.3, y ∈ (0.05, 0.53).
• The condition a+ c > 0 also holds in almost the same range of the parameters,
e.g, for x0 = 0.5, y ∈ (0.15, 0.38) and for x0 = 0.3, y ∈ (0.05, 0.51).
Thus there is a significant range in the parameter space (x0, y ) in which this
asymptotically flat wormhole model completely satisfies the WEC. It can also be
verified that g33 < 0 in the internal solution between Σ− and Σ+ , hence the model
does not contain closed timelike curves.
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4. Conclusion
Our consideration demonstrates the possible existence of twice asymptotically flat
cylindrically symmetric wormholes without exotic matter and without closed time-
like curves in general relativity. In stationary cylindrically symmetric space-times
it appears possible to obtain a number of exact wormhole-type solutions to the
Einstein equations with various material sources (isotropic and anisotropic fluids,
scalar and electromagnetic fields, etc.). However, to provide asymptotic flatness is a
separate problem, and here, following Ref. 23, we construct the whole space-time as
a union of three regions: a central region with a throat and two Minkowski regions
(taken in appropriate rotating reference frames), attached to the central region using
the Darmois-Israel formalism with the corresponding junction conditions.
An important task is to find such models where the effective SET on the junction
surfaces is not exotic, i.e., does not violate the WEC/NEC. We analyze this property
by finding eigenvalues of the extrinsic curvature tensor discontinuities that represent
the shell matter SET in its comoving reference frame.
Our analysis shows the existence of non-empty sets of parameters for which the
WEC/NEC are indeed respected. Also, the negative sign of gφφ proves the absence
of closed timelike curves in the whole space-time under consideration. Moreover,
it seems that our models do not violate the topological censorship theorems that
restrict the existence of nontrivial space-time topologies assuming that the WEC
holds true and the space-time is asymptotically flat. A possible reason is that our
cosmic string-like models are not asymptotically flat in the longitudinal direction
and are thus not completely asymptotically flat.
An attractive opportunity is that such asymptotically flat configurations, by
analogy with cosmic strings, could form loops with a size much larger that their
inherent characteristic length parameters, so that cylindrical symmetry could be
approximately valid.
In our view, it is of interest to seek new potentially realistic sources for such ge-
ometries and to further study their mathematical and physical properties including
possible observational effects.
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